We study the (2+ l)·dimensional classical gravity in the case of point sources of arbitrary motion using the maximal time slice and the conformal gauge for the spatial metric. The single moving particle case, in particular, exhibits a new feature distinct from the well-studied case. § 1. Introduction
Consider an arbitrary number of mass points in a curved space-time. Classically, each particle moves along the geodesic line determined by the space-time geometry. The space-time geometry is in turn dictated by the Einstein equation, (1) The right-hand side of (1) represents the energy-momentum tensor for the point mass sources: (2) where X(aJ are the space-time coordinates of the a-th particle with ma and r being its mass and proper time, respectively. As observed by Einstein, Infeld and Hoffmann in their classic paper/ J the conservation law T P I/;I/=O, which is a consequence of the Bianchi identity, implies the geodesic equation for the position of the mass points, X 
Therefore the field equation for the space-time metric is sufficient to describe the motion of mass points, which is a consequence of the integrability of the equation for gravity. This observation is not only curious but also very suggestive from the viewpoint of geometrodynamics. One can contemplate an ambitious unified picture of space-time and matter on the basis of pure geometrodynamics. Namely, we take out the mass points from the spatial manifold and consider only the evolution of the manifold itself. The motion of the removed points will automatically follow. One might object that the above arguments apply only to point sources but not to the one constructed from matter fields and therefore are irrelevant if we eventually go over to field theory of matter and gravitation.
However, quantum gravity coupled with matter fields is notoriously inconsistent due to its bad behavior in the high energy region. We believe that it is worthwhile to revive the old idea of Einstein, Infeld and Hoffmann in the new context of quantum gravity. Our present work is, however, only a modest step forward in that direction. In this paper, we retreat to the one-dimension less world, viz. (2+ I)-dimensional space-time with the topology R x};(2) with }; (2) being an N-punctured Riemann sphere, treating the matter degrees of freedom as singularities of the spatial manifold. This model has been studied by several people notably by Deser, J ackiw and 't Hooft in special cases.
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In this paper we first choose the simplest maximal time slice to solve the constraints and the conformal gauge for the spatial metric. This uniquely determines the lapse and shift vectors as well as the conformal factor. We choose this time slice, although the space-time is locally Minkowskian in the (2+ I)-dimensional pure gravity.
We regard the positions of point sources as moduli*) of our Riemann sphere under consideration. The momentum constraint implies that the extrinsic curvature is a holomorphic function of the spatial coordinates in the punctured space. The Hamiltonian constraint gives the spatial conformal factor. The motion of the moduli will be given by solving the evolution part of the Einstein equation in the maximal slice gauge.
In § 2, we closely look at the case of a single uniformly moving particle. In the maximal slice gauge, the moduli turn out to be static but the shift vector becomes non-zero. There also appears a singular null boundary surrounding the moving particle, which is a novel feature of the moving case and does not exist in the static case previously studied by Deser, Jackiw and 'tHooft. In § 3 we generalize it to the case of N moving particles on Riemann sphere. We summarize the results and have discussion in the last section. § 2. Single particle system
Solving constraints
In this section, we will consider a system of a single point-particle which is uniformly moving. For the energy-momentum tensor, we take
Here n P is a unit normal vector to the spacelike hypersurface. E and pa are, respectively, the energy and momentum of the moving particle observed by an observer with 4-velocity n P • Now the hamiltonian and momentum constraint equations are (5a) *) In the previous publications, two of the present authors (Y. F. and A. H.) showed that the motion of the moduli parameters of the torus universe is geodesic in the moduli space with the Weil·Petersson metric in the cases of zero and non-zero cosmological constant.
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(5b)
where R is the intrinsic scalar curvature for the spatial metric gab and Kab is the extrinsic. curvature with K being trK. We employ the so-called maximal slice which is widely used in general relativity. The maximal slicing condition is K =0, which is known to be useful especially in numerical relativity. Indeed, what we are considering here corresponds to the case of a moving blackhole, as was analyzed with the use of maximal slice by Bowen and York. 5 ) We also utilize the fact that 2-dimensional metric can be always put into a conformally flat form (at least locally). Then denoting Nand Na as the lapse function and shift vector in the standard ADM formalism, the space-time metric is (6) where we employ the complex coordinate system on the spacelike hypersurface };,
z=x+iy, z=x-iy.
Thus the constraint equations are reduced to
Here Pz=gzZP Z and we adopt the unit of 8G=1.
(8a)
The momentum constraint can be easily integrated. Kzz has a simple pole at the location of the moving particle, i.e., Kzz= p/2 . z Here and henceforth, the particle is assumed to move in the x' direction with momentum p=pz=pz.
On the other hand, the hamiltonian constraint is a quasi-linear differential equation for the conformal factor ¢. Noting that it is an inhomogeneous version of the so-called Liouville equation, we can use the general solution of the Liouville equation:
where F(z) is a holomorphic function except at z=O. F(z) is fixed by closely looking at the behavior of (8a) near z=O. We obtain (11) For our single particle case, F(z) can be explicitly expressed like (12) so that the spatial metric is given as (13) Note that the conformal factor becomes zero on the circumference of
around the particle. In the following two sections we will discuss whether this singularity is merely an artifact of our conformally flat coordinate system or not.
Time slice
We can follow the time evolution of the spatial geometry in detail. First, we determine the lapse function N and shift vector N z. N can be determined by the maximal slicing condition. We choose N z so that on each t =const maximal slice the particle always stays at the origin of the spatial coordinates. From the dynamical part of the Einstein equations we can derive the equation from which the lapse furiction can be determined: where v is a constant which is later identified with the velocity of the particle in a certain ~ense. This solution for the lapse function is regular at the origin z=O (IFI =0) but is singular at the circumference of Izl=rc (IFI=I). We do not adopt the other independent solution which is necessarily singular at the origin -the location of the particle. Thus the maximally-sliced hypersurface }; becomes null at the boundary, implying some spatial singularity there.
The shift vector is similarly determined by the dynamical part of the Einstein equation as
Solving it, we obtain
Finally, after some calculation, it can be checked that the other dynamical parts of Einstein equations including the time derivatives of gab and Kab are satisfied (except z=O) with the solutions obtained so far. In general, moduli of Riemann surface }; that is, Riemannian metric on 1: modulo diffeomorphism and conformal transformation of 1: (see Refs. 3) and 4)). Then it can be said that the moving particle never changes the moduli of 1: while the shift vector is non-zero. The moduli is, nevertheless, completely different from the static point-particle case. Now we can embed our spatial surface 1: into the Minkowski space-time in order to investigate the space-time geometry. Letting (T, X, Y) be the Minkowski coordinates and Z=X + iY, we can find a transformation between (t, z) 
and (T, Z)
T=t-fFdw-fFdw, Z=w+ fF 2 dw+vt, (20) where (21) It can be verified that the space-time metric induced by this coordinate transformation
= -(I-lvI 2 )dt 2 +2Nzdtdz+2Nzdtdz+(I-IFI2)dwdw
certainly coincides with Eqs. (6), (10), (17) and (19) .
For the single-particle case, the embedding can be explicitly given as
T=t-~ (z+ z), Z ZI-€/2 ( P)2 ZI+€/2
1 -E/ 2 + E 1 + E/ 2 + vt .
Since the world line of the particle is given by X = vT, v is the velocity of the particle in the Minkowski space-time (T, Z). Letting v and P approach zero, the space-time exactly coincides with the one which was found by Deser, J ackiw and 't Hooft for a static point particle.
2 ) Figure 1 shows the t=O slice 1: embedded in the Minkowski space-time. Let us first note that there is a wedge-like curved cut in 1:. Its projection on XY-plane has a shape of straight wedge, whose deficit angle is JrE as easily read· off from (23).
Geometry of 1:
Remember that a static point particle of mass m makes a similar cut of deficit angle Jrm (n.b. 8G=1). Thus (T, Z) space is not a globally flat space-time but a cut-out space so to speak. It is easy to find the relation between the deficit angle JrE and the mass m: 
where tanhr=v. Therefore we see that a region close to the singular point z=o has a cone-like georpetry similar to the static case. However, in the region farther apart from z=O is increasingly distorted. In fact, the circumference of the lzl =const curve reaches its maximum for a certain value of lzlless than rc and decreases to zero at lzl=yc, indicating that our spatial hypersurface 2: is closed. Though we might expect that another particle be present, there, it can be verified from (13) that the singularity at the boundary has a different geometry from the cone-like structure at the origin. This singularity cannot be avoided since, as was seen in the previous section, we cannot find another maximal slice which is regular at the origin and does not possess such a singularity anywhere else. Thus this face are also shown, though those lines collapse spatial singularity is necessarily present at r=rc which is not reached in this drawing.
in our maximal slice. On the other hand, in the static case, this singularity goes to infinity for Yc->= as p->O. In this case another singularity appears at infinity, which represents another particle with mass of 4 -m. (This point was also noticed in Ref.
3) but in a slightly different way.) § 3. General case Let us investigate an N-point-particle system on a sphere -namely, an Npunctured Riemann sphere.
We can proceed in a similar way to the previous section. Denoting the position of the n-th particle by Zn, Kzz can be easily obtained as
where Pn is the complex momentum pz of the n-th particle. By using the SL(2, C) isometry of the Riemann sphere and the transformation of the quadratic differential
Kzz, we find the restrictions on Pn and Zn'S: 
With these restrictions, the conformal factor has the same form as (10). Here the holomorphic function F(z) must satisfy (28) where En is the energy of n-th particle. F(z) can be formally integrated to be (29) where (30) Formally we obtain the same form for the lapse function and the shift vector as (17) and (19) so that the same time slice and embedding (20) is also valid in this case. Unfortunately it is not easy to explicitly examine in detail the geometry or the moduli of 1:. In fact, due to (26), the number of moving punctures must be (at least) more than three including a puncture at infinity, so (29) is rather complicated. Moreover, the same kind of singularity as was encountered in the last section also appears. Even the location of it in this case is difficult to analyze (except for some special cases). § 4. Summary and discussion In summary, we have investigated (2+ 1)-dimensiona,1 gravity with pointparticles. Though the static case was extensively studied before, general cases including moving particles seem non-trivial. With the use of maximal time slice and conformal gauge, we have explicitly solved the Einstein equations. In the single particle case, we have examined how the moving particle changes the global geometry of space 1:. First, the moving source distorts 1: by making it closed, so that there appears a singular boundary around it: If we regard the source as a puncture of 1:, the position of the source becomes the moduli of 1:. The moduli do not, however, change in time reflecting the fact that the particle is uniformly moving. On the other hand, we could not explicitly treat the general N-punctured 1:, though the formal argument follows essentially in the same way as a single-punctured case.
Finally we would like to make a few comments on the conserved quantities of the total system. As is well known,6) the existence of such quantities depends on the asymptotic structure of space-time, especially on types of asymptotic symmetry. In (2+ I)-dimensional gravity with point sources, only two conserved quantities can be defined since we cannot find the full Poincare asymptotic symmetries that have six generators, but only two symmetries due to its conical structure. It should be also remarked that such two conserved quantities can be identified with the energy and the angular momentum only in the center of mass system, because this system can have only time translational and rotational asymptotic invariance. Hence we cannot regard the energy and the angular momentum as conserved quantities in general systems treated in this paper.
